NOTE ON AFFINE GAGLIARDO-NIRENBERG INEQUALITIES 
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Abstract. This note proves sharp affine Gagliardo-Nirenberg inequalities which 
are stronger than ali known sharp Euclidean Gagliardo-Nirenberg inequali- 
ties and imply the affine L p — Sobolev inequalities. The logarithmic version 
of affine L p — Sobolev inequalities is verified. Moreover, An alternative proof 
of the affine Moser-Trudinger and Morrey-Sobolev inequalities is given. The 
main tools are the equimeasurability of rearrangements and the strengthened 
version of the classical Pólys-Szegò principio. 



1. Introduction 

In this note, we prove sharp affine Gagliardo-Nirenberg inequalities. These in- 
equalities generalize the sharp affine L p — Sobolev inequalities 

(1.1) C p , n ||/||^ (ffin) <^(/) for feW^(R n ),l<p<n, 

established by Lutwak, Yang and Zhang [33] for 1 < p < n and Zhang [45] for 
p = 1. Here W 1,P (R™) is the usuai Sobolev space defined as the set of functions 
/ e L p (R n ) with weak derivative V/ € L p (R n ). £ p (f) is the L p affine energy of / 
defined as 



£ P (f) = 



The Constant 




n/p \ 

= Cn, P I / ( / \v-X7f(x)\ p dx) dv 



j n,p 



( 2lj"+ F 2 ) ("^n) 1 ^" with u> n being the n— dimensionai vol- 



ume enclosed by the unit sphere For each v £ 5 n_1 , ||£ ) «/||lp(M") is the 

L p (W n ) norm of the directional derivative D v f of / along v. 

Inequality Ijl.ip is stronger than the classical L p — Sobolev inequalities 

(1.2) C p , n ||/||^ (Rr>) < HV/IIwcr») for / e W^(R n ), 1 < p < n, 

see Aubin [4] and Talenti [42] for 1 < p < n, Federer and Fleming [17] and Maz'ya 
[37] for p = 1. This can be seen from 

(1.3) £p(f) < HV/IU^an) 

for every / with V/ e L p (M. n ) and p > 1, see, Lutwak, Yang and Zhang [33]. It 
is well known that (|1.2p does not hold for p — n and p > n. The Moser-Trudinger 
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inequality and Morrey-Sobolev inequality are counterparts of (11. 2| for p = n and 
p > n, rcspcctively. The first one, see Moser [38], means that there exits m n — 

sup J °° e&W' such that 

(1.4) r-^-n f e^ /n ^y^f\M n 'dx<m n 



|sprt/| 

for every / € W 1,n (M. n ) with < |spet/| := \{x e R" : f{x) ^ 0}| < oo and 
n' = -p^j . Moreover, Carleson and Chang in [7] proved that extremals do existence 
for (jl.4| . Here \A\ is the Lebesgue measure of A C R™. For p > n, the Morrey- 
Sobolev inequality states that 

(1-5) ||/|U°°(R«) < b n , P \sprtf\~^p ||V/|| L p( K n) 

for every / e W 1 ' p (W l ) with |sprt/| < oo. 

As a variant of the classical L p — Sobolev inequality (|1.2|) , the Euclidean Gagliardo- 
Nirenberg /Nash's inequality states that 

(l- 6 ) ll/IU«(R") < Cn,s,p,?||V/||^ } .( R „)||/||^7p Rn j 

for n > 1, suitable constants p,q,s and 0. The Euclidean Gagliardo-Nirenberg 
/Nash's inequality has been studied intensively and been applied in analysis and 
partial difFerential equations. See, for example, Nirenberg [33], Gagliardo [15] . 
Corderò- Erausquin, Nazaret and Villani [11], Del Pino and Dolbeault [T2]-[15] , 
Del Pino, Dolbeault and Gentil [IB] , Carlen and Loss [5J, Agueh PQ-[3]. 

Inequalities (|1.4p and (|1.5p were also strengthened by the affine Moser- Trudinger 
inequality and affine Morrey sobolev inequality (see Cinachi, Lutwak, Yang and 
Zhang |10]). respectively. The main aim of this paper is to establish the following 
sharp affine Gagliardo-Nirenberg. Similar sharp affine Gagliardo-Nirenberg inequal- 
ity was studied by Lutwak, Yang and Zhang in [36] with the restriction s — Pjzj- 
In this paper, we will remove this restriction. Below, we will denote D p ' g (M. n ) as 
the completion of the space of smooth compactly supported functions / on R n for 
the norm ||/|| Pi9 = ||V/||ìp(r») + H/Hl^r-)- 

Theorem 1.1. Let n,p,q and s be such that 

j _j * np 

1 < p < n and 1 < q < s < p = ij n > 1. 

n — p 

Then the L p affine Gagliardo-Nirenberg inequality 

(1-7) ll/IU-C*») ^ K opt (S p (f)) 6 \\f\\l^)^f e ^''( r ) 

\np P -q(n-p) \ ' an< ^ ^ e s h- ar P Constant K opt > is explicitly given by 



holds with 6 



K op t 



C{n,p, q,s) 



-B(Moo) 



s[Tip-q(Tl-p)] 



Here 



C(n,p, q, s) — a — — , a = np — s(n — p), (3 = n(s — q) 

(ga)3*?(p/3)=TP 

itoo is the minimizer of the variational problem 

(1.8) inf(.E(u) = - / \Wu\ p dx+- f \u\ q dx:ue D p ' q (R n ),\\u\\ L s {Rn) 
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Moreover, 

(1-9) fa,x = CUoo(A(x - I )) 

are optìmal functions in inequality \1. 7| ), for arbitrary C ^ 0, x$ £ W 1 and A e 
GL(n). 

Remark 1.2. (i) For the proof of existence of a minimizer to problem Q1.8p . see, for 
example, Dei-pino Dolbeault [T3]. 

(ii) Under the assumption of Theorem ll.li (|1.7p implies the LP Gagliardo-Nirenberg 
inequality, see Agueh 

(1.10) \\fh^) < ^IlV/llL^II/H^^V/ e D™(R n ). 

Moreover, / CTi;Eo = Cu ao (a{x — xq)) are optimal functions in inequality (| 1 - TI) . for 
arbitrary C ^ 0, cr ^ and x e R". 

(iii) If g = 1 and p = s, from (|1.7p . we can get the affine LP Nash's inequality 

„2 

1- 



i/wi^ij " <p " , < (K opt f + ^{£ p {f)f Qf^ i/(i)|rfi 

for l<p<nifn>l. 

Theorem 11.11 implies the following sharp affine Gagliardo-Nirenberg inequalities 
stronger than the Euclidean ones in [TI] , 

Corollary 1.3. Let 1 < p < n, p < q < Then for ali f e D p ' q {R n ), we 

have 



II/IU-(r-) < c 3 (^,(/)) fl ||/||ì 4(J . , 

— =- and 
p-i 

/. _ il ~ P) n 



Here s = p^—r and 

1 r>—\ 



(q- l)(np- (n-p)q) 
and with S = np — q(n — p) > 0, the optìmal Constant C2 takes the form 



Co 



= ( q _v\ ( va y (±y ( r (^) r (§ + 1 ) 

, \ p g-p J \ p 



\pV^ J \ n (q~p)J \pq 



Equalìty holds in il. 11]) if and only if for some a € R, (3 > 0, x E 



q—p 



(1.12) f(x)=a(l + 0\A(x-W)\<£i S \ 

with A e GL(n). 

Remark 1.4. (i) When q = 9 = 1 and s = Thus inequality (jl. 1 1|> implies 

the sharp affine L p — Sobolev inequality. 

(ii) Inequality (|1.11| was proved by Lutwak, Yang and Zhang in [36 where the 
authors applicd the optimal LP Sobolev norm problems and L p Petty projection 
inequality (see Gardner [19], Schneider [40] and Thompson [43J for p = 1, Lutwak, 
Yang and Zhang [32] for p > 1.) 

Similarly, for q < p < n, we can obtain the following resutls. 
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Corollary 1.5. Let 1 < p < n, 1 < q < p. Then for ali f E D Ptr (R n ), we have 
(1-13) <C* 3 (£ P (/)) e ||/||[7 ( V ) . 
Here r = p^j and 

e = (g ~ l) n 

q{n(n-q) + p(q - 1)) 

and with 5 = np — q(n — p) > 0, the optimal Constant C3 takes the form 



C 3 



/ \ < 



pq 



\pVn ) \n(p-q)J V S 



pq 



r 



(p-l 



1 ri 



. (p-i) 

P-8 



1 ) r ( + 1 



If q > 2 — - , equality holds in il. 11)) if and only if for some a € R, (3 > 0, x S 



q-p 



(1.14) /(a;) =q(i-/3|A(x-x)|^t) 

iw'f/j A e GL(n). 

We get the following logarithmic version of (|1.1|) . 

Propisition 1.6. For any f <E W 1 ' p (W l ) with 1 < p < n and J* Rn |/(x)| p dx = 1, 
we /lave 

' Ti 

\f(x)\* log |/(x)|<fe < - log (C 4 (£ p (f)) p ) . 



(1.15) 

Here the optimal Constant C4 is defined by 



(1.16) 



^4 



p (v- 1 



p-1 



7T 2 



r(f + 1) 



r n 



Inequality in 111.15]) is optimal and equality holds if and only if for some a > and 
(1.17) /(xH^-"^ r (f + 1 ) e-iW*-^ VxeR" 

r(n^ + i) 

with A e GL{n). 

Remark 1.7. Inequality (| 1 . 1 5[) generalizes the sharp Euclidean L p — Sobolev loga- 
rithmic equality since £ p (f) < || V/||/,p(rt>\. Meanwhile, it can also been viewed as 
the limiting case r = p = q of inequality (|1.11[) . For more details about Euclidean 
L p — Sobolev logarithmic equality, see Weissler [U] and Groos [21], Del Pino and 
Dolbeault [12] , Gentil [5D] and the reference therin. 

We give an alternative proof of the affine Moser-Trudinger and Morrey-Sobolev 
inequalities established by Cianchi, Lutwak, Yang and Zhang in [lOj . 

Propisition 1.8. Supposen > 1. Then for every f £ W l ' n {W l ) withO < \supp(f)\ < 
00, 



(1.18) 



— I 

J si 



\supp{f)\ JsuppU) V n£ n(f) 



dx < rrin 
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with m n = sup^ Jp 00 e^W) ~ l dt. The Constant nui\! n is the best one in the sense 
that U.18\ì would fail if ruJ L J n is replaced by a larger one. 

Propisition 1.9. If p < n, then for every f S W 1,p (M. n ) with \sprt(f)\ < oo, 
(1-19) \\.f\\L^)<b n , P \sprt(f)\^-Ì£ p (f). 
Equality holds in 11.19\) if and only if 

f{x)=a(l-\A{x-x )\)^) n 
for some a £ R, Xq € R™, and A e GL(n). Here " + " denotes the "positive part". 

Cianchi, Lutwak, Yang and Zhang, in [10j . proved inequality ()1 . 18() by showing 
that 

1 f a i 
m n — sup - / exp(nwy™(/)(s)) ri ds 
<t> a Jo 

and inequality (|1.19[) by the the strengthened version of the classical Pólya-Szegò 
principle, the locai absolute continuity of the decreasing rearrangement of / and the 
Hòlder inequality. Here, we will prove inequalities (|1.18[) and (|1.19[) directly by the 
observation that sphere rearrangements of functions may give us better estimates 
for (affine) Sobolev type inequalities. 

The rest of this paper is organized as follows: In Section 2, we recali some 
basic properties of rearrangements of functions and the strengthened version of the 
classical Pólya-Szegò principle. In Section 3, we prove Propositions 1 1 . 31 1 1 . 91 



2. Strengthened Version of the Classical Pólya-Szegò Principle 
Let / : R" — > R with 

(2.1) \{x G R™ : |/(x)| > t}\ < oo for t > 0. 
The distribution function m / (t) of / is defined as 

m f {t) = \{x e R" : \f{x)\ > t}\, for t > 0. 

Functions having the same distribution function are refered to be equidistributed 
or equimeasurable. On the other hand, equidistributed functions are said to be 
rearrangements of each other. The decreasing rearrangement /* of function / is 
defined as 

f*(s) = sup{t > : m/(t) > s} for s > 0. 
The spherical symmetric rearrangement /* : R™ — ► [0, oo] is defined as 

f{x) = f(u n \x\ n ) for x G R". 
Clearly, /, /* and /* are equidistributed functions. In fact, we have 

m,f = mf = mf* , 

(2.2) |sprt(/)| = |sprt(/*)| = |sprt(/*)|, 

(2-3) ||/IU- (R n ) =r(Q) = ||/*lk-, 

and 

(2.4) f mf(x)\)dx= [°° $(f*(s))ds= [ Hf*(x))dx 
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for every continuous increasing function $ : [0, oo) — ► [0, oo). Thus, we have 
(2.5) / \\f(z)\*dx= r(f*(s)yds= [ {f{x)fdx 



for every p > 1, and so Lebesgue norms will be invariant under the operations of 
decreasing rearrangement and of spherically symmetric rearrangement. 

The classical Pólya-Szegò principle means that if / with (|2.1[) . is weakly dif- 
ferentiable in R n and |V/| e L p (W l ) for p e [1, oo], then /* is locally absolutely 
continuous in (0, +oo), /* is weakly differentiable in W l and 

(2-6) IIV/li^K») < \\Vf\\ LnMn) . 

See, for example, Kawohl [25]- [33], Sperner [41] , Talenti [32], Brothers and Ziemer 
[5J, Hilden [22] , Inequality (12. 6[) is a powerful tool to many problems in physics 
and mathematics. On the other hand, several variants of inequality (|2.6p have 
been established and applied intensively, see, for example, Kawohl [24]. Especially, 
Lutwak, Yang and Zhang in [32] , Cianchi, Lutwak, Yang and Zhang in [10] proved 
the following strengthened affine version of inequality 



Lemma 2.1. [32] [TU] Suppose 1 < n and 1 < p. If f e W^iW 1 ), then f* e 
W hp (W l ), 

(2-7) Epif) < £ P {f) 

and 

(2-8) l|V/l=^(/*). 

Remark 2.2. We can see that both |H7]| and ^Sìj are true for / e D p > g (M. n ). 



Inequality ()2.6|1 is particular significant for the authors in [45], [33] and [TU] to 
proved the affine L p — Sobolev, affine Moser-Trudinger and affine Morrey-Sobolev in- 
equalities. In this note, we will see that inequality (|2.6|) implies the affine Gagliardo- 
Nirenberg inequalities. 

The proof of Lemma l2Tl depends on L p Brunn-Minkowsi theory of convex bodies 
(see, for example, Chen [8], Chou and Wang [9J, Hu, Ma and Shen [23], Ludwig 
[26]- [27], Lutwak [28]- [29], Lutwak and Oliker [30], Lutwak, Yang and Zhang [32] - 
[36j ) . In [10j . Lutwak, Yang and Zhang proved Lemma l2.f I bv applying the similar 
rearrangement argument used to prove the Euclidean Sobolev inequality. They 
solved a family of L p Minkowski problem (see, Lutwak, Yang and Zhang [35]) to 
reduce the estimates for L p gradient integrals to the cstimatcs for L p mixed vol- 
umes of convex bodies. Thus they can replace the classical Euclidean isoperimetric 
inequality by the affine L p isoperimetric inequality (see, Lutwak, Yang and Zhang 
[32]). For the details of Lemma [2~T1 we refer the interested reader to Lutwak, Yang 
and Zhang [TUJ Theorem 2.1]. 

3. Proof of the Main Results 

3.1. Proof of Theorem ll.li The symmetrization inequality (|2.7[) and inequality 
(|2.5j) are cruciai for the proof of Theorem 11.11 

For any / e D p ^(R n ), inequality ([23]) implies that 



|/||l«(R") = ll/*IU?(R")- 
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The classical Pólya-Szegò principle and inequality ()2.5|) teli us that /* £ D p ' q (W l ). 
Thus, we can apply the sharp Euclidean Gagliardo-Nirenberg inequality (|1.10|) (see 
H Theorem 2.1]) to /* and get 

ll/IU-t^liriliTjmj^CallVrilipCR-)- 
Lemma 12.11 and Remark 12.21 imply 

H/IU»(K»)||/|li7qR«) = ll/*IU 8 (R")ll/*lli7(Mn) 

< K opt \\ V/*||^p( R rt) 

= K opt (£ p (r)) 9 

< K opt (£ p (f)) e . 

Thus, we get 

||/IU«(mn)<ifopt(^(/)) e ||/HÌ7 ( V)- 
On the other hand, since 

(3.i) ||/IU.(b») < ^(^(/)) 8 II/IIì; ( r„ ) < ^IIv/iiIp^h/iiì^), 

the extremal for sharp Gagliardo-Nirenberg inequality (jl.lOj) is an extremal of (13. 1| . 
It is easy to see that inequality (jl.lip is an affine inequality, thus composing the 
extremal functions of inequality (jl.lOp with an element from GL{n) will also give 
an extremal for the affine Gagliardo-Nirenberg inequality (| 1 . T[) . Thus, the function 
given by (| 1 .9|) is the extremal of inequality (|1.7|) . 



3.2. Proof of Proposition [TT6l We combine the symmetrization inequality (|2.7p 
and inequality (|2.4|) to prove Theorem 11. 61 Since G(t) — t p \ogt : [0, oo) — ► [0,oo) 
is continuous increasing, inequality (12.411 verifies 



\f(x)\P log \f(x)\dx = j ^ \f*(x)\* log \f*(x)\dx. 

Lemma O verifies /* E W 1 ' p (W n ) and inequality (gUJ) implics ||/*||l P ( R ») = 
II/IIlp(R") = 1- Thus, we can apply the sharp Euclidean L p — Sobolev logarithmic 
inequality (see Del Pino Dolbeaut [T21 Theorem 1.1]) to /* and obtain 



log \f*(x)\dx < j 2 log (C4V/1W 
Similar to the proof of Theorem 11.31 Lemma 12.11 gives us 

|/(aO| p log|/(x)|dz = / \r(x)\ p log\r(x)\dx 

< -Jiog^uvrii^^)) 



Thus, 



/ 



P 

< ^\og{C A {E p {f)Y). 



71 

1/(1)1" log \f(x)\dx < - log (C 4 (£ p (f)f) 
pi 
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The function given by (|1.17p is an extremal function inequality (| 1 . 15|) since it is 
also an extremal function of the sharp Euclidean L p — Sobolev inequality and 

Ti Ti 

\f(x)\nog\f( X )\dx<-\og(C 4 (£ p (.f)r) <-log(C 4 (\\Wf\\ LP(Rn) r). 

3.3. Proof of Proposition 11.81 Under the assumption of Proposition 11.81 the 
sharp Moser-Trudinger inequality (|1.4p holds. It follows from (|1.3[) and Lemma [2~7l 
that 



|V/*IU«(R«) = £„(/*) < £.(/) < ||V/|U» (K „). 



Then we get 



?P(/)I I\s\ 



R^i,supp (/ ), eXP K"^l^ ^ 



< , [ cxp ) dx 



SUpp(/)| 7|SUpp(/)| V " £n{f*) 

1 f expfn^/" ,,, 1 ^,^ 1 I ,1, 



|8UPP(/*)I VPP(/*)I V " ll V /* 
< m„ 

with the last inequality using (fL4|) . This implies that (fì~T8| holds. bmce 

1 f ( Un i/wi \ n \ 

"■ ~" >J dx 



exp nw. 



|supp(/)| J|supp(/)| V ™ IIWIIl 
exp ( nu. 



< , * f exp ( nuil^JMl ) dx < m r 



|supp(/)| V|supp(/)| V n £ n{f), 

and extremal functions for (|1.4J) exist, we see that f(Ax) is an extremal function of 
(|1.18p for every extremal function / for (|1.4p and A £ GL(n). On the other hand, 
to see the sharpness of nu) n , we assume that (jl.181) is true for some j3 > nu>U n 
and any / e W 1 ' n (W n ) with < |supp(/)| < co. Then we have /* e W 1 ' n (M n ) and 



|supp(/*)| 7| SU ppC/*)| V £*(/*) 

1 f ^(pjn x)ì s 



|supp(/*)| J| S upp(/*)| V l|V/* 
< m n . 

The last inequality contradicts with the sharpness of nu> n in (|1.4p . This finishes 
the proof of Proposition 11. 81 

3.4. Proof of Proposition 11.91 Assume that / e W lp with |sprt/| < co. Then, 
from the classical Pólya-Szegò principle, we know that /* £ W ' p (M n ), On the 
other hand, equality (|2.2p implies that |sprt(/*)| < co. Thus, for /*, we can apply 
the classical Morrey-Sobolev inequality and get 

ii/*iu~(R») < b n , P \ sP Tt(n\i-^\\vf\\ LP{Rn) . 
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Equali ty 12.3|) and Lemma I27T1 implv that 

||/IU°°(r<*) = < b ntP \spTt(f*)\«-p\\Vf*\\ L p(Mn) 

= b n , p \ S prt(n\*-h p (r) 
< b niP \sprt(f*)\ì-ì£ p (f). 

The verifying of extremal functions is obviously since the affine invariance of (|1.19p . 

Acknowledgements. The author would like to thank Professor Jie Xiao for ali 
kind encouragement. 
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